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Variational Solutions for the Heat-Rate-Limited
Aeroassisted Orbital Transfer Problem
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Minimum energy loss trajectories based on Pontryagin's minimum principle are generated for the atmospheric
part of an aeroassisted orbital transfer problem. At the initial time all states are given. At the final time the altitude,
velocity, and inclination change are prescribed. Additionally, the trajectory is subject to a heating rate limit, which,
in the context of optimal control, represents a first-order state inequality constraint. Numerical difficulties implied
by the singularly perturbed nature of the problem are avoided by starting the integration in the interior of the
trajectory at a point where the heating rate limit is active. The state constraint becomes active always in the form
of a state constrained arc. Nontrivial touch points have not been observed in numerical solutions.

I. Introduction

OVER the years a considerable amount of research has been
conducted in the area of aeroassisted orbital transfers (AOT).

Surveys on the current state of the art in optimization of AOT tra-
jectories can be found in Refs. 1 and 2. The optimization of the
atmospheric part of orbital plane changes using aerodynamic con-
trols is discussed in Refs. 3-6. In Ref. 5, a guidance law is devel-
oped through regular expansion of the Hamilton-Jacobi-Bellmann
equation. A guidance law development through matched asymptotic
expansions and through a hybrid regular expansion/collocation ap-
proach is presented in Refs. 7 and 8, respectively. In Ref. 9, max-
imum cross range and maximum orbital plane change trajectories
are calculated using a nonlinear programming code. In Ref. 10, the
use of multiple pass trajectories is investigated to alleviate the se-
vere aeroheating. In Ref. 11, aerocruise and aeroglide maneuvers
are compared, both in presence of a heating rate limit.

Recently, variational solutions for the heating rate limited aero-
cruise maneuver were presented in Ref. 12. Numerical difficulties
were reported, and converged solutions could not be obtained below
a certain value for the prescribed maximum heating rate. The opti-
mal switching structure was identified as (free, touch point, free).
Solutions with state constrained arcs were not obtained. For the same
vehicle model and atmospheric model as in Ref. 12 the heating rate
limit could be reduced much further in Ref. 13, using direct shooting
and direct collocation. The obtained trajectories are physically fea-
sible and involve state constrained arcs. The solutions were reported
to be very sensitive, and certain convergence difficulties were over-
come by reducing the prescribed precision in the nonlinear program
solver.

The present paper is based on a dynamical model that is identical
to the one used in Ref. 12. The objective is to verify the results re-
ported in Ref. 12, to identify the correct optimal switching structure,
and to generate variational benchmark solutions that could be used
to verify and to calibrate direct optimization approaches.

II. Problem Formulation
A. Optimal Control Problem

The problem considered in this paper is that of optimizing the at-
mospheric part of an aeroassisted orbital transfer. The control func-
tions of time, aerodynamic lift CL, and bank angle JJL are to be
determined such that a prescribed inclination change A/ = 18 deg
is achieved with minimum energy loss and subject to a heating rate
constraint. The states are radial distance r, geographic latitude 0,
velocity i>, flight path angle y, and heading angle ty. The following
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assumptions are made: point-mass model, Newtonian central gravi-
tational field, air density varies exponentially with altitude, constant
zero drag coefficient, and constant induced drag coefficient.

In dimensional form the problem is given as follows:

min — v(tf)

subject to the equations of motion

f = vsiny, 0 = (v/r)cosy sin

i) — —(D/m) — (}l/r2) sin y

7 = - - JL\
r r^v)

cosy
mv

L sin //, v
————— — — cos y cos ^ tan (/>
mi; cosy r

the control constraints

the boundary conditions

CL € [0, oo)

r(0) - r0

0(0) = 0

r(tf) = r0

C O S < / > ( t f ) C O S l l f ( t f ) = COS(Az')

and a state inequality constraint of the general form

A)(r, v) < 0

(1)

(2)

(3)

(4)

(5a)

(5b)

(5c)

(5d)

(5e)

(5f)

(5g)

(6)

Specifically, PQ is chosen such that condition (6) represents a heating
rate limit g < Gmax- The explicit functional forms of <2 and P0

 are

given in a later section in Eqs. (7) and (8). The numerical values of the
gravitational constant pi, the quantities r(), v0, yo, and the prescribed
inclination change A/ are given in Table 1.

B. Aerodynamic and Atmospheric Model
The aerodynamic drag and lift are given by

= qACL, D = qACD
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Table 1 Vehicle data, aerodynamic data, and
physical constants

Quantity Numerical value Unit

re
\JL
r() - re
V()

/()
A*
A
CDO
K
Ps
8
vx
ft
m
r
t
m

20,926,430
1.408,95 1016

365,000
25,745.704

-0.55
18

125.84
0.032

1.4
3 319 5 x 10~^ • gioo,ooo[/f]

i^/re
^/(iJL/re)
24,138.8

331.5
re

VVe/A)
m

ft
ft3/s2

ft
ft/s
deg
deg
ft2

1
1

/P slugs/ft3

ft/s2

ft/s
ft

slugs

where CL is the lift coefficient and

CD = CDO + KCL

is the drag coefficient. The dynamic pressure q and the air density
p are

q = and

respectively. The constants A, CDQ, K, pv, re9 and f> denote refer-
ence area, zero drag coefficient, induced drag coefficient, air density
at sea level, Earth's radius, and atmospheric scale height, respec-
tively. The numerical values of all constants are given in Table 1.

C. Heating Rate Limit
As in Ref. 12, the heating rate <2 in British thermal units per

square foot per second is modeled through

Q = 17,600V(p/Av)(uM.)3 (7)

Hence, with the functional dependence of PO on the radial distance
r and the velocity v given by

17,600 (8)

condition (6) represents a heating rate limit Q < 2max. Here, vs de-
notes the circular orbit speed at the Earth's surface. The dimensional
value of vs as a function of p. and re is given in Table 1.

D. Nondimensionalization
For numerical calculations the variables in the system description

(2) are nondimensionalized with r — Earth's radius as the length
scale, m = constant mass of the vehicle as the mass scale, and
t = +J(re/g) as the time scale. Here, g = jl/r^ denotes the value
of Earth's gravitational acceleration at radius re and r, m, and r,
are the usual canonical units used in astrodynamics.14 Note that the
unit speed vs = r/t = *J(jl/re) corresponds to circular orbit speed
at the Earth's surface. The quantities introduced in this section are
summarized in Table 1.

III. Optimality Conditions
A. Nonconvexity of the Hodograph

An important issue in the theory of optimal control is the con-
vexity of the hodograph. For fixed states x the hodograph S(x) is
defined as the set of all state rates x that can be achieved by vary-
ing the controls u within their admissible domains.15 Nonconvexity

of the hodograph may lead to analytical and numerical difficulties
such as chattering control behavior and nonexistence of an optimal
solution.

In the dynamical system (2) controls appear explicitly only in the
right-hand sides of the i), y, and ijs equations. In the associated sub-
space of the state rate space the hodograph is the two-dimensional
surface manifold of a skewed paraboloid with its open end pointed
in negative v direction. This hodograph is not convex.

In generating the numerical results presented in this paper the non-
convexity of the hodograph did not impose any difficulties. This,
however, is only because of the benign multiplier directions ob-
served in the obtained solutions, namely, A.v < 0 generally, and
A,2 -f 0 along constrained arcs. If the boundary conditions
are varied, these multiplier directions may change such that cer-
tain singular control cases become active. To perform the necessary
analysis it is then required to modify the dynamical system (2) such
that the hodograph associated with the new dynamical system be-
comes the convex hull of the original hodograph. Such analysis is
not performed in the present paper.

B. Minimum Principle
Problems (1-6) and (8) are solved by applying the Pontryagin

minimum principle.16"18 Assuming that a solution of Eqs. (1-6)
and (8) exists, the minimum principle states that at every point in
time the control is such that the variational Hamiltonian

H = Ar

is minimized subject to all control constraints

(/x,CL) = arg min H

(9)

(10)

Q = {(^, CL) e jR2|//, CL are admissible} (11)

On free arcs, i.e., on time intervals where Eq. (6) is satisfied with
strict inequality,

a = {Oi ,C L )e f l 2 | o<C L <oo} (12)

On constrained arcs, i.e., on time intervals, say, [ti , t2] where Eq. (6)
is satisfied with strict equality,

on [?i,r2]

is equivalent to

where

Pi:= dt

at

= 0 on t e (ti, t2)

(13)

(14)

(15)

3.15 A7/M [ D f j i v2 \ . 1= — J-(-) — - (^ + rT5) s mxv y ps\vsj L m \r 6.3)8 y J
By noting that the terms in front of the square bracket in Eq. (16) are
always positive, the condition PI = 0 can be replaced equivalently
by

where

(17)

(18)

The set of admissible controls along state constrained arcs then takes
the form

= {(/x, CL) e #2|0 < CL < oo, pi = 0} (19)

The evolution of the Lagrange multipliers A.*, x e {r, 0, v, y, ty] is
governed by

i, = ~ (20)
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on unconstrained arcs. On constrained arcs, the implicit dependence
of the controls on the states via the condition p\ = 0 implies19

3H dpi
= ——— - A ——

3x dx (21)

where A is the Kuhn-Tucker multiplier associated with the con-
straint (17) in the minimization problem Eqs. (10) and (19), i.e., A
is determined from the condition

(22)

(23)

(24)

Supplementary optimality conditions are given by20'21

A > 0

A < 0

C. Hamiltonian and Adjoint Equations
Explicitly the Hamiltonian (9) takes the form

H = \rv sin y + A.<* - cos y sin
r

(D jl \
— Xv I — + — sin y I

\m r J

v p, \ 1
_ _ Jl-Jcosyr r2v J J

/ Lsin/z v , \
1 ————— — - cos 7 cos V^ tan 0 I\mvcosy r J

and the adjoint equations can be stated as

(25)

dr
f

dr
3H

= - - A (26)

x - _ _ A
"' ~ 9^ 3*

throughout the trajectory, where on free arcs

A = 0

and on constrained arcs

dH (3PIY'

(27a)

(27b)

D. Control Logic
Along unconstrained arcs the minimum principle (10) with the

admissible control set £2 given by Eq. (12) yields

T sin pe 1
^/cosy)2

"A,/,/cosy 1

. *x J

and

Formally, we set

(28)

(29)

(30)

The expressions (28) and (29) are admissible only as along as Xv ^ 0,
and A2 + (Xv,/cosy)2 ^ 0. The classical Legendre-Clebsch
condition 32H/3C^ > 0 immediately implies Xv < 0. Geomet-
ric arguments in the hodograph space yield the stronger condition
Xv < 0, as long as X2

y + (Av//cos y)2 ^ 0. If A2 + (A^/cos y)2 = 0,
thenAw = 0 refers to a singular control case. Pointwise occurrence of
this situation can be ignored. Assuming that A2 + (X^/cos y)2 = 0
and Ay = 0 on some nonzero time interval requires (this can be
shown through some simple calculations involving the conditions
X.v = 0, iy = 0, iv/ = 0, and v ̂  0, cos y ^ 0) that all multipliers

^r, ^0, A.!,, Xy , X^ are identically zero on this interval. Hence, the
case Xv = A2 + (X^/cos y)2 == 0 can be excluded. The case Xv ^ 0,
A-y + (A^/cos y)2 = 0 leads to an undefined expression in Eq. (28).
This singularity, however, is only an artifact of the unfortunate pa-
rameterization of the admissible state rates in terms of the controls
CL and /x. Note that A,2 + (A^/cos y)2 = 0 always implies CL = 0
as long as Xv ^ 0 [see Eq. (29)]. This, in return, removes all de-
pendence of the right-hand side of the differential equations (2)
on control /x. Hence, to overcome the singularity in Eq. (28) for
A,2 + (X^r/cos y)2 = 0 it is clear that we can simply extend Eq. (28)
by defining

cos IJL J
rn
|_ 0 J

if (31)

Along constrained arcs the minimum principle (10) with the ad-
missible control set £2 given by Eq. (19) yields

sin/x 1
cos//J

1
+(),+/cosy)2

["Av//cosy

L ^r
(32)

which is the same as in the unconstrained case. The control CL and
the multiplier A are given by

and

A = -*„ -
2KvCL

(33)

(34)

respectively. In Eq. (34), CL denotes the value of the lift coefficient
obtained from Eq. (33).

For the constrained case, X2 + (A^/cos y)2 = 0 refers to a non-
trivial singular case, which cannot be quickly discarded. Rigorous
analysis of this singularity is possible only after convexizing the
hodograph. As A,2 + (A^/cos y)2 / 0 was obtained along all nu-
merical solutions presented in this paper, such analysis is not given
in the present paper.

E. Transversality and Corner Conditions
The transversality and corner conditions are given such that the

first variation 8J of the cost function (1) / — —v(tf) is zero.16'20

For the boundary conditions (5), this yields

(35a)

(35b)

(35c)

(35d)

(36)

The free final time tf is determined through the condition

H(tf) = 0

Because no explicitly time-dependent interior point constraints are
imposed on the problem, the Hamiltonian H is continuous through-
out the time interval [0, tf], including across corners.

At the beginning, say t\, of the state constrained arc, conditions
are

= 0 (37a)

(37b)

(37c)

(37d)
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where superscripts +, — denote evaluation at times t\ + €,t\ — 6,
e > 0, e -> 0, respectively. The jumps in the multipliers (37c)
and (37d) involving the constant multiplier /0 are implied by the
interior point condition (37a). The end, say r2, of the constrained arc
is determined through

TJ I Tj I n /"3Q^Li L+ — n. L- i== U W"/

Here, in complete analogy to the nomenclature already used, the
superscripts +, — denote evaluation at times r2 + 6, ti — e, e > 0,
e -> 0, respectively.

IV. Numerical Implementation and Results
A. Some Analytically Equivalent Conditions

The conditions (37b) and (38) are usually not well suited for
numerical implementation. In the following we state analytically
equivalent expressions, which can be used to make numerical cal-
culations more efficient or which can serve to check the obtained
results.

First note that the functional dependence of sin /z and cos JJL on
states and costates is identical on free and constrained arcs [see
Eqs. (28) and (32)]. Furthermore, all quantities appearing on the
right-hand sides of Eqs. (28) and (32) are continuous across both
switching points t\ and f2. This implies that sin//, and cos jit are
continuous across t\ and r2, i.e.,

(39)

(40)

Now it can be verified that the condition (37b) is equivalent to the
condition

CL(tt) = CL(ti) (41)

To see this, we eliminate A.r(f*), A. „(*[*") in Eq. (37b) through the
jump conditions (37c) and (37d) and note that

aft
3x

Then we obtain

(42)

(43)

We used the notation x = [r, = [A. r ,A.0,A.u,Xy ,

all state rates, except possibly v, are continuous across t\, so that
Eq. (43) reduces to

^v(ti)T[v(ti) - "(ff)]= ° (44)
As long as kv is guaranteed to be less than zero, this is equivalent
to t>(^+) = i>(*f) and, hence, to condition (41).

At t2 the continuity of the Hamiltonian (38) is equivalent to either
of the two conditions

A(/2-)=0

(45)

(46)

The equivalence of conditions (38) and (45) can be shown in
complete analogy to the equivalence of conditions (37b) and (41),
without the additional complication of jumps in the costates Ar and
Xw . The equivalence of conditions (38) and (46) is established by
inserting CL(t%) obtained from Eq. (29) and CL(^~) obtained from
Eq. (34) into Eq. (45).

A useful expression for the height /o of the jump in the multipliers
A.r, Xv in terms of states and costates evaluated at t± can be derived
fromEq. (41). Explicitly, starting at Eq. (41) with CL(tf) and CL (t~)
given by expressions (29) and (33), respectively, and eliminating
^(ff) in terms of ^(fj1") through the jump condition (37d), yields
after solving for /0

<• = -
1

- [ l / ( q AT)][(l/r 2] sin y

3v

i/
(47)

The continuity of all states at t\ and the condition (39) imply that

Upon backward integration of the trajectory across the switching
point t\, this expression can be used to eliminate the unknown pa-
rameter /o and to perform the costate jumps explicitly during the
integration of the trajectory. Note that a similar expression for /o in
terms of ^(rf) cannot be derived. Hence, explicit elimination of
the jump multiplier /o is not possible upon forward integration of
the trajectory.

B. Switching Structure
The switching structure is the temporal sequence in which differ-

ent control logics become active along the optimal solution. Gener-
ally, the switching structure is not known in advance and has to be
determined through smart guessing and numerical experiments.

For the present problem a direct optimization method22 was uti-
lized to generate approximate solutions. With respect to the state

1) r - r0
2)*«0
3) v - v0

4) Y = Yo

I multiplier jumps
j performed explicitly
1 during integration,
1 /0 calculated from (44)
j =* H+ • H~ guaranteed,
\ PQ « 0 guranteed through
1 choice of r(t£

^\

free

11% W + U~ f\

or equivalently
13) c+ - CE - o

or equivalently
13) A' -0

7) cos ̂  cos ̂  v Ai
8) A^ * — vsin^cos^
9) Av * - 1
10) Ay * 0

11) A^ v — vcos^sin^
12) H » 0

A A
constrained free

A^ l At2
 2 At3 t

Fig. 1 Schematic representation of the boundary value problem associated with the switching structure free-constrained-free. Thirteen parameters:
), v(*2), 7(fe)> V>fc), Arte), A^fe), Avfe), A7te), A^te), M, A/2, A^3, v\ 13 conditions: see above.
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constraint (6), this approach predicted the switching structure (free,
constrained, free). The direct optimization approach also predicted
the absence of singular control arcs. This reduced the analytical and
numerical work load considerably.

The limited resolution of direct optimization approaches makes
it impossible, at times, to distinguish clearly between constrained
arcs and touch points, especially when the constrained arcs are of

very short duration, as in the present problem. It is known that for
first-order state inequality constraints touch points can occur only
in certain special cases.20-23'24 Applying Corollary 10 of Ref. 24 to
the present problem, it can be shown that a nontrivial touch point
ti requires CL(ti) = 0. This condition is violated in the numer-
ical solutions obtained through direct optimization. Thus, a clear
indication is obtained that there is no touch point except in the

O.O O.2 O.4 O.8 1.0 1.2 1.4

o.oao
Q-O7Q

0.090

O.O4O

O.O2O

0.010

o.o 0.2 0.4 o.a o.a 1.0 1.2 i

0.0

-O.I

-Q*
-O.3

-O.4

-0.6

-041

0.2 0.4 0.6 O.A 1.0 1.2

Fig. 2 States and costates vs time t for (?max = 600,700, and free.
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trivial case where the unconstrained solution marginally touches the
constraint.

In summary, based on numerical results obtained from a direct
optimization approach and based on analytical results obtained in
Ref. 24, the optimal switching structure was guessed to be of the
form (free, constrained, free). Numerical results obtained with a
high-precision indirect method confirm this guess as being correct,
as shown in a later section.

C. Boundary Value Problem
The structure of the boundary value problem implied by the op-

timality conditions stated in the preceding sections clearly depends
on the switching structure. In the following, we always assume the
switching structure to be (free, constrained, free), which is optimal
for all numerical solutions presented in this paper. The evolution
of the states and costates is then described by the state equations
(2), the costate equations (26), and the jump conditions (37c) and
(37d). The controls CL and r\ and the multiplier A are given by Eqs.
(28-30) along the unconstrained arcs and by Eqs. (32-34) along the
constrained arc. The boundary value problem can then be cast as the
problem of finding the 17 scalar unknowns r(0), 0(0), u(0), y (0),
tfr(O), A,r(0), ^(0), Xw(0), Xy(0), M°)> *r(£), W2

+)> M, Ar2,
Ar3, /o, and v such that the 17 scalar constraints given by Eqs. (5)
and (35-38) are satisfied. Here, the nonnegative quantities Afi, A£2,
and A?3 denote the lengths of the three subarcs of the trajectory,
respectively. It is clear that several parameters can be eliminated
analytically, e.g., the parameters r(0), 0(0), u(0), y(0), and V(0)
can be determined explicitly through the conditions (5a-5e), and, if
backward integration is chosen in favor over forward integration, the
parameters /0, A,r(^~), and ̂ (tf) can be deleted by performing the
multiplier jumps (37c) and (37d) explicitly during the integration of
the trajectory, as discussed in an earlier section.

With or without these simplifications, however, the boundary
value problem as cast is numerically not well behaved. Because
of the exponentially increasing air density at lower altitudes the
state rates increase dramatically near h = hm{n (h denotes altitude
and hm[n denotes the lowest altitude reached along a trajectory). The
singularly perturbed nature of the dynamical system has the effect
that small changes in states/costates at initial time may have large
effects on states/costates near /zmin. These perturbations become a
numerical problem if at some stage during the iterative process of
solving the boundary value problem the value of the state constraint
PO becomes significantly nonzero at the beginning of the constrained
arc. Note that, upon forward integration of the trajectory, the begin-
ning of the state constrained arc, t\, is determined by the length At\
of the first unconstrained arc, not by the condition P0\tl = 0 [P0 as
in Eq. (8)]. The latter condition is guaranteed to be satisfied only
for the converged solution. Because the control CL in Eq. (33) is
determined such that dPo/dt — 0 along the constrained arc, even
a small increase in PQ\tl can cause the vehicle to run out of energy
along the constrained arc. This typically leads to a negative square
root in Eq. (33) and the iteration breaks down.

D. Alternative Boundary Value Problem
To overcome the difficulties mentioned in the preceding section,

the intregation of the trajectory is started at the end of the con-
strained arc, /2. Formally, the states and costates at time £2 then play
the role of unknown initial states. By deleting rfe) from this set
of unknowns, and by calculating rfe) explicitly from the condition
p()\n = 0 [P(> as in Eq. (8)], it is guaranteed that the state constraint
(13) is correctly satisfied throughout the constrained arc at any stage
during the iteration, even before convergence is achieved. Explic-
itly, the boundary value problem then reduces to finding the 16
parameters 0fe), v(t2), yfe), V^fe), Vfe), A.0fe), ^fe), Ayfe),
^•y/fe)>>W(O'^( fr) ' A*i, Af2, Ar3,/0,and v such that the ^con-
ditions (5a-5g), (35a-35d), (36), (37b-37d), and (38) are satisfied.
By making use of Eq. (47) and by performing the jump in the mul-
tipliers Xr and Xv explicitly during the integration, the parameters
/o, kr(t^), and. ̂ (ff) can be deleted from the list of unknowns and
the associated equations (37b-37d), can be deleted from the set
of conditions. A schematic representation of this boundary value
problem is given in Fig. 1.

E. Numerical Results
For a numerical treatment of the problem, the heating rate con-

straint gmax is varied between 600 and 771.676 BTU/ft2s, the latter
being the maximum attained value of <2 if the heating rate limit is
deleted. For all solutions the switching structure remains the same,
namely, (free, constrained, free). For the case Qmax = 600BTU/ft2s,
the length of the constrained arc is 0.00154 nondimensional time
units (=1.242 s) and reduces monotonically when <2max is increased.
At 2max = 771.676 BTU/ft2s, the constrained arc has degenerated
to a single point, so that the switching times t\ and £2 coincide and
represent a trivial touch point. Clearly, the solution remains unaf-
fected if Qmax is increased further to values greater than 771.676
BTU/ft2s. The time histories of the states, costates, controls, and the
heating rate <2 for several different prescribed values of the heat-
ing rate constraint <2max are shown in Figs. 2-5. The lengths of the
state constrained arc, the optimal final times, and the optimal final
velocities for these trajectories are summarized in Table 2.

Further numerical results show that the switching structure (free,
constrained, free) becomes inactive for heating rate limits <2max sig-
nificantly lower than 600 BTU/ft2s. (For Qmax = 455 BTU/ft2 s,
this switching structure is still optimal; for <2max < 450 BTU/ft2s, it
is incorrect.) Numerical solutions to the first-order necessary con-
ditions can still be obtained under the assumption that the switch-
ing structure is (free, constrained, free). However, the so-obtained

Table 2 Some characteric results as a function of the
maximum heating rate limit

Gir v(tf), m/s

771.676 (free)
700
600

0.000
0.292
1.243

1005.877
1034.706
1082.117

6718.864
6714.103
6688.533

0°-20

0.101 i i i i i
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

t

Fig. 3 Lift coefficient CL vs time t for Qmax = 600,700, and free.

t

Fig. 4 Bank angle p, vs time t for Qmax = 600,700, and free.
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700

600

500

.Q 400

300

200

0.0 0.2 0.4 0.6 0.8 1.0 1.2

t

Fig. 5 Heating rate Q \s time t for Qmax = 600,700, and free.

0.4

0.2

0

; ^
-

-

-

i . , , , i
0 0.5 1.0 1.

Fig. 6 Multiplier A vs time t for <2max = 400.

solutions violate the condition (24) along the constrained arc, which
is demonstrated in Fig. 6 for the example Qmax = 400 BTU/ft2s.
Note that the associated solution is, in fact, a physically flyable tra-
jectory, in the sense that all physical constraints (2-6) are satisfied.
Only the cost index (1) is no longer optimal. Attempts to identify the
switching structure using direct methods were unsuccessful. Sev-
eral numerical experiments were attempted to generate a numerical
solution with the switching structure (free, constrained, free, con-
strained, free), but convergence could not be achieved. A hypothesis
is that the optimal solutions for £)max < 450 BTU/ft2s involve at
least three constrained arcs.

V. Summary and Conclusions
Variational solutions for the atmospheric part of an aeroassisted

orbital transfer subject to a heating rate limit are presented. The
optimal switching structure is found to consist of three arcs, namely,
two unconstrained arcs and, in between, one arc along which the
heating rate limit is satisfied with strict equality. In all solutions
the state constrained arc is very short compared to the free arcs.
Touch points have not been encountered, however, except in the
trivial case where the unconstrained solution satisfies the heating
rate limit marginally at a single point. This result contradicts results
published previously.

Numerical solutions are generated with simple shooting. The in-
herent ill conditioning of the problem resulting from the exponential
atmospheric model is overcome by starting the integration at a con-
veniently chosen point in the interior of the trajectory. Numerical
solutions are presented for several different values of the heating
rate limit.
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